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Analysis of Streamline Curvature Effects
on Wall-Bounded Turbulent Flows
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This work deals with numerical analysis for the effects of surface curvature, particularly the concave curvature,

on turbulent duct ¯ ows and boundary layers. A compressible Navier± Stokes code incorporating Reynolds stress
models has been developed using a four-stage Runge± Kutta scheme. Numerical computations have been carried

out for curved ¯ ows in 180-deg and 90-deg turning ducts and a turbulent boundary layer using Reynolds stress
models with/without modi® cations to the dissipation rate (") equation. Various modi® cations to the " equation are

discussed. A quantitative relationship has been established between two seemingly different modi® cations to the "
equation. It is observed that the modeling of concave curvature effect is qualitativelydifferent from the modeling of

convex curvature effect. Detailed comparisons between computationsand data indicate that, to capture the strong
ampli® cation of turbulence near a concave wall, the standard " equation needs to be modi® ed.

Nomenclature
C f = skin-friction coef® cient, s w / (0.5 q U 2

e )
C e 1 , C e 2, C l , Cc = constants in Eq. (2): 1.44, 1.92, 0.09, 0.2
C s

e 1 , C s
e 2 = constants in Eq. (4): 0.43, 1.90

H = duct height
k = turbulent kinetic energy, 0.5h u i ui i
n = coordinate normal to the surface
P = static pressure
Pk = production rate of k, h ¡ u i u j i @Ui /@x j

R = radius of curvature of reference streamline
Re, Reh = Reynolds number (Um H/ m , Um h / m )
Rit = Richardson number, (k/ e )2(U/ r 2)@(Ur)/ @n
r = local radius of curvature of streamline
S = invariant of strain rate, p (2Si j Si j )
Si j = strain rate, (@Ui /@x j + @U j /@xi )/ 2
s = streamwise coordinate along surface
U = streamwise mean velocity
Ue = freestream velocity at inlet
Um = bulk velocity
u, v, w = ¯ uctuating velocities in streamwise, normal

(radial), and cross-stream directions (u, v , w
representing rms values in Figs. 2±8)

h ui u j i = Reynolds stress
y = coordinate normal to test wall
y+ = wall distance variable, yu s / m
d = boundary-layerthickness
e = dissipation rate of turbulent kinetic energy
h = angle into bend measured from bend

entrance/momentum thickness
m , m t = laminar and turbulent kinematic viscosity,

C l k2/ e
s w = wall shear stress

Introduction

L ONGITUDINAL surface curvature exerts a signi® cant in¯ u-
enceon turbulentboundarylayersovercurvedbodiesand ¯ ows

through curved ducts. The skin-friction coef® cient (and heat trans-
fer rate), compared with that of a boundary layer on a ¯ at surface,
is decreased on a convex surface due to the damping of turbulence
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by the convex curvature, but it is increased on a concave surface
due to the ampli® cation of turbulence by the curvature (Refs. 1±3,
etc.). Previous computational efforts, e.g., Refs. 1, 4, and 5, have
demonstrated that the effects of curvature on turbulence intensity
and structure must be predictedaccurately to capture the boundary-
layer development over curved surfaces. To predict the stabilizing
and destabilizing curvature effects, it is necessary to make empir-
ical modi® cations to eddy viscosity models.1 Gibson et al.,6 So et
al.,7 and Shima,8 among others, have shown that the Reynoldsstress
model (RSM) can account for the curvature effects without empir-
ical modi® cations. However, Park and Chung9 modi® ed the RSM
with an additional curvature time scale to capture the curvature ef-
fects accurately.

The authorsrecentlyanalyzedthe turbulent¯ ows in highlycurved
ducts with a RSM and observed that the RSM can successfullycap-
ture the large damping of turbulencenear the convexwall but under-
predicts the enhancementof turbulencenear the concavewall.10 The
modeling of concave curvature effect appears to be quite different
from themodelingof convexcurvatureeffect.This may beattributed
to the qualitativelydifferent charactersof these two effects, namely,
the mere attenuation of preexisting eddies by convex curvature but
reorganization of eddy structures by concave curvature, as sug-
gested by Gillis and Johnston,11 Muck et al.,12 and Hoffman et al.,13

etc.
As argued by many authors, a concave curved ¯ ow may become

three dimensional due to the possible existence of Taylor±Gortler
vortices. However, these longitudinal vortices have not been ob-
served in some experiments.Barlow and Johnston3 found that large
scales in concave boundary layers exhibit a range of behavior from
Taylor±Gortler vortices, when upstream nonuniformities are large,
to energetic large eddies (radial in¯ ows and out¯ ows), when the up-
stream ¯ ow is uniform. They have observed that the enhancement
of turbulence is mainly due to the large-scale eddies rather than the
Taylor±Gortler vortices. These longitudinal vortices are found to
cause only minor increases in the spanwise-averaged skin-friction
coef® cient.Hoffman et al.13 also showed that the secondaryeffectof
the vortices is less important than the primary effect of the concave
surface curvature for moderately curved ¯ ows.

Barlowand Johnston3 suggestedthat, for many applications,two-
dimensional models should be adequate, provided that they can ac-
count for the slow development of the energetic large-scale eddies
in concave boundary layers. The failure of the RSM (with the stan-
dard e equation) in modeling these large eddies hence appears to be
the major reasonfor the underpredictionof turbulenceenhancement
by Luo and Lakshminarayana.10 The major objective of the present
paper is to improve the prediction of the concave curvature effects.
Three strongly curved duct ¯ ows with/without streamwise pressure
gradient will be analyzed using the RSM model. The modeling of
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the e equation,includingrecentmodi® cations to it, will be discussed
and assessed.

Turbulence Models and Numerical Procedure
The Reynolds stress model employed in the present study is the

RSM model of Gibson and Launder14 with the exception of the
diffusionterm.The turbulentdiffusionterm is modeledwith a simple
isotropicstressdiffusionmodel following the suggestionofLien and
Leschziner.15 The standard e equation can be written as

D e

Dt
= Diff( e ) +

e

k
(C e 1 Pk ¡ C e 2 e ) (1)

where D e / Dt stands for the convection of e and Diff( e ) for the
turbulent diffusion of e . The preceding equation for e is modeled in
analogy to the equation for turbulent kinetic energy k.

As discussed in detail by Launder et al.16 and Lumley,17 it may
be assumed that the local transfer rate of turbulent energy from the
large-scale eddies to ® ner scale motions is essentially equal to the
energy dissipation rate itself for steady ¯ ow close to local equilib-
rium, i.e., Pk ¼ e . Hence, for ¯ ows that are in local equilibrium, the
source term in the e equation might be modeled in terms of the tur-
bulence production. This essentially implies that the production of
dissipationis linearly proportionalto the productionof turbulenten-
ergy, whereas the destructionof dissipation is linearly proportional
to the destruction of turbulent energy.

Modi® cations to Standard " Equation
The modeled equation for e , Eq. (1), has been used for over

two decades and has been successful in predicting a variety of
thin shear ¯ ows. Its weaknesses, such as the overprediction of the
spread rate of the axisymmetric jet, have been recognized before,
and a number of ad hoc modi® cations have been proposed. For
example, to account for the streamline curvature effects, Launder
et al.4 (denoted as LPS) modi® ed the destruction term in Eq. (1) to
be ¡ C e 2( e 2/ k)(1 ¡ Cc Ri t ), where Ri t = (k/ e )2(U/ r 2)@(Ur )/@n
in curvilinear orthogonal (s, n) coordinate. Hanjalic and Laun-
der (HL model5) modi® ed the generation term in Eq. (1) to be
C e 1( e / k) m t (@U/ @n)2 . These two models seem to be different.How-
ever, for mildly or moderately curved ¯ ows, a quantitative relation-
ship between them might be derived as follows. The additionalsink
term in the LPS4 model can be added to the generation term, and
Eq. (1) can be written as

D e

Dt
= Diff( e ) + ( e

k ) {[C e 1 m t( @U

@n ¡
U

r )
2

+ ( C e 2Cc

C l ) m t

U

r 2

@(Ur)

@n ] ¡ C e 2 e }
= Diff( e ) + ( e

k ) {C e 1 m t( @U

@n )
2

[(1 ¡ A)2

+ ( C e 2Cc

C e 1C l ) A(1 + A)] ¡ C e 2 e }

¼ Diff( e ) + ( e

k ) {C e 1 m t( @U

@n )
2

(1 + A) ¡ C e 2 e } (2)

where A is de® ned as (U/ r)/ (@U/@n), the ratio of the extra strain
rateproducedby curvatureto the primary shear strain.The empirical
values for coef® cients C e 1 , C e 2 , Cc , and C l have been used and the
second-order term is neglected because A is normally very small
for mildly to moderately curved ¯ ows. On the other hand, the HL
model is given by

D e

Dt
= Diff( e ) + ( e

k ) {C e 1 m t ( @U

@n )
2

¡ C e 2 e }
= Diff( e ) + ( e

k ) {C e 1 m t( @U

@n )
2

(1 + 0 £ A) ¡ C e 2 e } (3)

This is actually an LPS-type model if the coef® cient Cc in the LPS
model is set to be 0.13 instead of 0.2. Thus, for mildly to moder-
ately curved ¯ ows, the HL model appears to differ from the LPS
model only in terms of the magnitude of the coef® cient. Indeed,
Rodi and Scheuerer5 found that the LPS model is successful for
curved boundary-layer¯ ows and observed that the LPS model con-
sistently has a stronger modi® cation effect than the HL model. This
is also consistent with Richmond and Patel’s18 observation that the
HL model is able to capture the trend of curvature effects but un-
derpredicts the magnitude.

Lumley17 developed a new e equation based on the concept of
spectralenergytransferfornonequilibrium¯ ows.The sourcetermin
this equation is modeledwith the invariant strain rate (S) rather than
Pk , thus removing the rigid linkage between the generation terms
of the e and k equations. By modeling the dynamic equation of the
mean-square vorticity ¯ uctuation, Shih et al.19 derived a transport
equation for the dissipation rate e , the production term of which is
similar to that of the e equation by Lumley.17 Shih et al.’s model is
given as

D e

Dt
= Diff( e ) + C s

e 1S e ¡ C s
e 2

e 2

k + p m e
(4)

The invariant strain rate S is de® ned as S = p (2Si j Si j ), which is
different from Lumley’s17 model, where the value of S is obtained
from a separate transport equation. This new production term for
the e equation in fact modi® es the time scale that controls the rate
at which turbulent energy enters the spectral pipeline, as discussed
in detail by Lumley.17

Numerical Procedure

A Navier±Stokes procedure, incorporating the RSM model, the
standard e equation, the LPS e modi® cation, and the Shih et al. e
model, has been developedbased on the codedescribedin Kunz and
Lakshminarayana.20 The mean-¯ ow equationsare integratedin time
by the explicit four-stageRunge±Kutta scheme.The convectionand
diffusion terms are discretizedon a nonstaggeredgrid using second-
order accurate central differencing. Fourth-order and second-order
arti® cial dissipationterms (with coef® cientsaround0.02 and 0.25)20

are included to damp high wave number errors and to improve
the shock capturing, respectively. For the present low-speed ¯ ows,
the second-order arti® cial smoothing actually is not used. Eigen-
value scaling and local velocityscaling[using(U/ Um )2] of arti® cial
dissipation terms are used to avoid contaminationof the solutionby
arti® cial dissipation.20

The RSM equationsare discretizedin spaceand integratedin time
in the sameway as the mean-¯ ow equations.Because the convection
terms in the RSM equationsarediscretizedwith centraldifferencing,
arti® cial dissipation is needed to prevent odd-even decoupling. It
is observed that the inclusion of fourth-order arti® cial dissipation
has not resulted in convergent solutions. Hence, a small amount of
second-order arti® cial dissipation is added to the RSM equations.
The required value of arti® cial dissipation for a convergentsolution
is fairly small (with the coef® cient around 0.02). Local velocity
scaling is also used to reduce the smoothing in the equations to
zero inside the boundary layer. The arti® cial dissipation coef® cient
in the normal direction is kept as a small fraction, e.g., 1

10
, of that

in the streamwise direction, which further reduces the in¯ uence of
smoothingon the convergentsolution to a negligible level.Note that
the current level of second-ordersmoothing is much lower than that
brought by the ® rst-order accurate upwind-differencingscheme.

The iteration of the RSM equation in the present time-marching
procedure is found to be stable, without the implementationof elab-
orate stabilizingmeasuressuch as those required for pressure-based
methods. The implementation of the RSM model near the wall, in-
cluding the matching of the RSM model with the near-wall model,
has followed the proceduredescribedby Lien and Leschziner.21 The
near-wall region (y+ < 70) is handled by a one-equation model, in
which only the k equation is solved while the near-wall e pro® le
is prescribed with empirical functions.10 Unlike the low-Reynolds-
number RSM (such as that used by So et al.7), the current Reynolds
stress model is valid only for the fully turbulent region and can-
not be used in the near-wall region. In other words, the RSM is
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Table 1 Conditions (at bend entrance) for test cases

Turning angle,
Authors deg d / Rin d / Rout Re Reh Remarks

Sandborn and Shin22 180 1.0 0.3 2.1 £ 105 1.2 £ 104 Constant width

Kim and Patel23 90 0.05 0.04 2.2 £ 105 3 £ 103 Constant width

Johnson and Johnston24 90 N/ A 0.055 3.9 £ 104 1.3 £ 103 Variable width
@P/ @s ¼ 0 on outer wall

a) 180-deg duct22 b) 90-deg duct23 c) Concave boundary layer24

Fig. 1 Duct geometries and grids.

solvedin theouterregion(y+ > 70), andboundaryconditionsfor the
Reynolds stress components ( h uu i , h vv i , h ww i , h ¡ uv i ) are speci-
® ed at y+ = 70 grid line. Hence, the Reynolds stresses for y+ < 70
are not computed in the current code. They are provided from the
k equation, which is solved down to the wall. The typical distri-
bution for h uu i , h vv i , h ww i , and h ¡ uv i in near-wall turbulence is
employed, i.e., h uu i = 1.1k, h vv i = 0.25k, h ww i = 0.65k, and

h ¡ uv i = 0.255k.
Convergencecriteriaare takenas fourdecadesdropof rms density

residualand 2.5±3 decadesdrop of the rms residual for e . The differ-
ence between the computedmass ¯ ow rates at the duct inlet and the
exit is less than 0.2% of the inlet mass ¯ ow rate. The convergedk±e
solution is used to initialize the computation with the RSM equa-
tions. It typically takes about 9000 steps to get a convergent RSM
solution.

Results and Discussion
Description of Test Cases and Numerical Details

The cases computed in this paper include the two-dimensional
¯ ow in the 180-deg duct of Sandborn and Shin,22 the midspan ¯ ow
in the 90-deg rectangularduct of Kim and Patel,23 and the turbulent
boundary layer on the outer (concave)wall of the 90-deg duct mea-
sured by Johnson and Johnston.24 The details of these test cases are
given in Table 1.

The current Navier±Stokes code with the RSM model and the
standard k±e model has been validated against benchmark-quality
data for ¯ at-plate boundary-layer ¯ ows.25 The computations of the
preceding cases with different Reynolds numbers were carried out
with an averageinlet Mach number of approximately0.2, to accom-
modate the compressible formulation of the current code. The inlet
total pressure was adjusted to keep the Reynolds number the same
as that in the measurement.

The geometries and grids of the ducts are shown in Fig. 1, where
the bend region is plotted. The 251 £ 141 (streamwise £ normal)
and 241 £ 141 grids were generated by an algebraic method for the
180-deg duct and the two 90-deg ducts, respectively. A systematic
grid independence study has been performed. For Kim and Patel’s
90-deg duct ¯ ow, further re® nement of the mesh (such as 281 £ 141
and 281 £ 161) has resulted in negligible difference in the solution.
For instance, the relative difference in the computed skin-friction
coef® cients (C f ) at the bend exit, i.e., 90-deg location, is less than
0.5%. The ® rst grid point near the wall is located around y+ = 1.
The inlet pro® les for streamwise velocity, four individualReynolds
stress, and dissipation rate are obtained by computation of the de-
veloping ¯ ow in a long straight channel with the corresponding
Reynolds number.10

180-deg Duct Flow

The predictions at two locations inside the bend (h = 30 and
90 deg) for Sandborn and Shin’s22 180-deg duct ¯ ow (Re = 2.1 £
105) are presented in this section. The predictions by the standard
k±e model are also included to highlight the performance of the
three RSM models, namely, the RSM model with the standard e
equation, the LPS e modi® cation,4 and the Shih et al.19 e model,
respectively.

The predicted pro® les of h ¡ uv i , h uu i , h vv i , and U at h = 30 deg
are shown in Figs. 2a±2d, respectively.Near the inner wall, the tur-
bulence has been greatly damped by convex curvature as well as
by large ¯ ow acceleration, and the measured turbulent shear stress
is close to zero over a large region (Fig. 2a). On the other hand,
a large ampli® cation of turbulence is observed near the concave
wall. The k±e model fails to account for the curvature effects and
predicts a near-symmetric pro® le of h ¡ uv i , which is much higher
than the data near the convex wall but lower than the data near
the concave wall. The RSM with the standard e model captures
the turbulence damping very well but underpredicts the ampli® -
cation of turbulence as stated earlier. The two modi® ed e mod-
els are seen to provide signi® cant improvement in capturing the
concave curvature effects over the standard e model (Figs. 2a±
2c).

As seen in Figs. 2b and 2c, the predicted streamwise ¯ uctua-
tion velocity (u = p h uu i ) by all the RSM models is larger than the
normal ¯ uctuation velocity (v = p h vv i ) near the concave wall, in
agreement with the data. The isotropic k±e model predicts close
values for all the three normal stresses, among which h uu i is un-
derpredicted near the concave wall, whereas h vv i is overpredicted
near the convexwall. The mean velocitypro® les (Fig. 2d) predicted
by all the models are in good agreement with the data because the
mean ¯ ow at this location is dominated by large pressure gradients
and is not sensitive to the predicted levels of turbulence.

The major features of the ¯ ow at h = 90 deg (Fig. 3) are similar
to those observed at h = 30 deg. All the RSM models capture the
complete damping of turbulence near the convex wall very well.
Both the predicted and measured mean velocity pro® les show very
thinboundarylayersnear theconvexwall (Fig. 3d).Near theconcave
wall, strong turbulent mixing brings high-momentum ¯ uid towards
the wall, creating full velocity pro® le. The RSM with LPS e model
and the Shih et al. e model predict the highest level of turbulence
ampli® cation (Figs. 3a±3c) and hence the fullest velocity pro® le
near the concave wall, being in the closest agreement with the data.
The RSM with the standard e model is seen to capture the trend of
the effect of concave curvature on turbulence but underpredicts the
magnitude.
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a) Turbulent shear stress

b) Streamwise rms turbulent velocity

c) Radial rms turbulent velocity

d) Streamwise mean velocity

Fig. 2 Pro® les of 180-deg duct ¯ ow at µ = 30 deg (Ref. 22).

Many authors have observed a very large increase in the radial
component of Reynolds stress (h vv i ) in concave boundary layers,
which can also be seen in Fig. 3c. Unlike the location h = 30 deg,
the radial ¯ uctuation velocity v at h = 90 deg is now as large as 1.5
times the streamwise ¯ uctuation velocity u. This feature is quite
unusual for attached turbulent shear ¯ ows. The high value of radial
¯ uctuation velocity is caused by the large-scale radial in¯ ows and
out¯ ows, which are induced directly by the centrifugal instability.

The RSM with the standard e model is seen to underpredict the
values for both u and v (Figs. 3b and 3c). The underpredictionof v
seems to be more serious than that of u. This may be attributed to
the near-wall model for pressure±strain correlation (u i jw ) in Gibson
and Launder’s14 model, which is known to have excessive damping
effect for normal Reynolds stress, i.e., h vv i , even far away from the
wall. However, a test run has been made using the RSM with u i jw

set to zero near the concave wall and the standard e model. As seen
in Figs. 3b and 3c, this ad hoc model provides only slight improve-
ment in predictingthevalueof h vv i ,whileprovidingless satisfactory
predictions for h uv i and h uu i . This numerical experiment indicates
that the underprediction of turbulence by the RSM with the stan-
dard e model should not be attributed to the near-wall modeling
for pressure±strain correlation. The underprediction is more likely
to be caused by the problem with the standard e model. Indeed,
the two modi® ed e models are seen to capture the ampli® cation of
turbulence much better than the standard e model (Figs. 3a±3c).

a) Turbulent shear stress

b) Streamwise rms turbulent velocity

c) Radial rms turbulent velocity

d) Streamwise mean velocity

Fig. 3 Pro® les of 180-deg duct ¯ ow at µ = 90 deg (Ref. 22).

It is somewhat surprising to see that the LPS e model4 and the
Shih et al. e model19 provide similar predictions for turbulenceam-
pli® cation, although the developmentof these two models followed
different arguments. The source term of the Lumley17 and the Shih
et al.19 e models differs from that of the standard e model because
the former modi® es the time scale for spectral energy transfer.17 By
modifying the sink term, the LPS model essentially increases the
time scale for spectral energy transfer in the concave region and re-
duces it in the convex region as seen in Eq. (2). Both modi® cations
have removed the rigid linkage between the generation terms of e
and k equations. Note that, unlike the LPS e model, the extension
of the Lumley17 and the Shih et al.19 e models to three-dimensional
¯ ows is straightforward.

Indeed, the failure of the standard e model should be attributed
mainly to the modeling of its generation term, which is based on
the assumption that the production of dissipation should keep pace
with the production of turbulent energy, i.e., without any lag in the
process of spectral energy transfer. This assumption is known to be
accurate only for the ¯ ows in local equilibrium. But the ¯ ow near
the concave wall is not in local equilibrium.

If there is no lag in the transfer of energy from large eddies to
small eddies, then the energy level at small eddies (hence the level
of dissipation) in a concave boundary layer should be signi® cantly
higher than that in a ¯ at boundary layer because it is well known
that the energy level of large eddies in a concave boundary layer is
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a) Turbulent shear stress

b) Streamwise rms turbulent velocity

c) Radial rms turbulent velocity

d) Streamwise mean velocity

Fig. 4 Pro® les of 90-deg duct ¯ ow at µ = 45 deg (Ref. 23).

much higher than that in a ¯ at boundary layer. However, through
the measurement of energy spectra, Barlow and Johnston3 found
that ª at high frequencies, the energy content of the turbulence is
about the same as in the ¯ at boundary layer for all y-locations,
suggesting that the small-scale turbulence structure is essentially
unaffectedbycurvature.º In theirdirectnumericalsimulation(DNS)
of a mildly curved channel ¯ ow, Moser and Moin26 concluded that
ª the dissipation terms, which are dominated by the small scales,
are in good agreement on the two walls (convex and concave). . . .
This suggests that curvature has a minimal effect on small scale of
turbulence.º

All of these observations indicate that there is a lag in the devel-
opment of true dissipationin concave boundary layers as suggested
by Lumley17 for evolving nonequilibrium ¯ ows. Thus, to capture
the large ampli® cation of turbulence in concave boundary layers,
the generationterm in the e equation should not keep pace with that
in the k equation. This is the reason for the signi® cant improvement
obtained by both the LPS e model and Lumley and Shih et al.’ s e
model, as has been demonstrated in Fig. 3.

90-deg Duct Flow

The predictedpro® les for h ¡ uv i , h uu i , h vv i , and U at h = 45 deg
and 0.5H downstream of the bend for Kim and Patel’s23 ¯ ow are
presented in Figs. 4 and 5, respectively. The curvature parameter
(d / R) of this ¯ ow is considerablysmaller than that of Sandborn and
Shin22 (Table 1). The opposite effects of convex and concavecurva-

a) Turbulent shear stress

b) Streamwise rms turbulent velocity

c) Radial rms turbulent velocity

d) Streamwise mean velocity

Fig. 5 Pro® les of 90-deg duct ¯ ow at 0.5H downstream of bend.23

tures are still quite signi® cant as seen from the highly nonsymmetric
pro® les of turbulencequantities.The experimentaluncertaintyis re-
ported to be 1.5% in streamwisemean velocity(U ), 5% in h uu i , and
10% in other turbulence stresses.23 At both streamwise locations,
the turbulence level near the concavewall is signi® cantly underpre-
dicted by the RSM with the standard e model. The predictions by
the RSM with both modi® ed e models are in signi® cantly closer
agreement with the data. This gives further support to the argument
made earlier.

At h = 45 deg, the measurement has nearly equal values for the
three Reynolds stress components. The RSMs with both modi® ed
e models capture h uu i quite well but still underpredict the val-
ues of h vv i near the concave wall (Figs. 4a±4c). At 0.5H down-
stream of the bend, the measured radial ¯ uctuation velocity v is
even slightly higher than the streamwise velocity u near the con-
cave wall (Figs. 5a±5c). The RSMs with both modi® ed e models
capture the turbulencequantities near the concave wall much better
than the RSM with the standard e model.

The predicted skin-friction coef® cient C f on the convex wall of
this duct is shown in Fig. 6a. The predicted values of C f from all
the RSM models are about the same and in good agreementwith the
data. The standard k±e model, however, substantially overpredicts
the value of C f due to its overpredictionof the turbulentshear stress
as shown earlier.On theconcavewall, as seen in Fig. 6b, the levelsof
C f predicted by different models are seen to be proportional to the
predicted levels of turbulent energy and h ¡ uv i . The standard k±e
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a) Inner wall b) Outer wall

Fig. 6 Skin-friction coef® cients for 90-deg duct ¯ ow.23

a) Turbulent shear stress

b) Streamwise rms turbulent velocity

c) Radial rms turbulent velocity

Fig. 7 Pro® les of concave boundary-layer ¯ ow at µ = 30 deg (Ref. 24).

model underpredicts the value of C f due to its underpredictionof

h ¡ uv i . The RSM with the standard e model also underestimatesthe
C f because it has not captured the large ampli® cation of turbulence
near the concave wall. The RSMs with the two modi® ed e models
predict the highest level of turbulence and hence the highest C f ,
both being in best agreement with the data.

Concave Turbulent Boundary Layer

In both the geometriespresentedearlier, the boundary layers near
the concave wall are subject to a fairly strong streamwise pressure
gradient. To isolate the effects of concave curvature from those

Fig. 8 Skin-friction coef® cient for concave boundary layer.24

caused by the pressure gradient, the inner wall in Johnson and
Johnston’s24 90-deg duct was contoured to minimize the pressure
gradient on the outer (test) wall. The turbulent velocity ¯ uctuations
and shear stress pro® les are presented in Figs. 7a±7c for h = 30 deg
where y starts from outer wall. The four models provide predic-
tions in different levels of agreement with the data, similar to what
has been observed for the aforementioned cases with the in¯ uence
of pressure gradient. This further supports the argument that the
standard e model must be modi® ed to capture the turbulenceampli-
® cationin concaveboundarylayerswith/withoutpressuregradients.

Finally, the predicted C f is shown in Fig. 8. The behavior of
C f is different from that of Kim and Patel’s23 duct because the
streamwise pressure gradient is now much lower. The predicted
values of C f by different turbulencemodels are seen to correspond
to the predicted turbulencequantities.The RSMs with the modi® ed
e models provide the best predictions for turbulence quantities and
hence for the skin-friction coef® cient.

Concluding Remarks
Numerical computationsusing Reynoldsstressmodels havebeen

carried out to investigate the effects of surface curvature, particu-
larlyconcavecurvature,on turbulentduct ¯ ows andboundarylayers.
The modeling of concave curvature effect is observed to be qualita-
tively different from the modeling of convex curvature effect. The
RSM model is very successfulin predicting the turbulencedamping
due to convex curvature but underpredicts the magnitude of turbu-
lence ampli® cation due to concave curvature.The present analyses
indicate that there is a lag in the development of true dissipation
in concave boundary layers. To capture the large ampli® cation of
turbulence in concave boundary layers, the generation term in the
e equation should not keep pace with that in the k equation. A
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quantitativerelationshiphas beenderivedbetween themodi® cations
to the e equationby Launder et al.4 and Hanjalic and Launder.5 De-
tailed comparisonsbetween computationsand data indicate that the
Launder et al.4 e model and the newly developed e model due to
Lumley17 and Shih et al.19 provide substantially improved predic-
tions for the concave curvature effects. The Lumley and Shih et al.
e model also has one signi® cant advantage over the earlier model
by Launder et al., namely, the extension of the former to three-
dimensional ¯ ows is straightforward.
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